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considered two transmission lines have a completely unsynanetrical 
cross-section. 
The three coupled lines have a mi~ror symmetry and the 
· coupling between the two outer lines is neglected. 
Ip the first case four different modes are found. '11tey are 
'an even and odd mode of·voltage and an even and odd mode of current • 
• 
In the case of three c6upled symmetrical transmission 
lines only three independent modes, the even mode, the odd mode, 
. 
· and an antisymmetric mode of excitation exist. Also the impedances 
of the lines for various .excitations are obtained.· 
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ABSTRACT 
. . This' the.sis is concerned with the mathematical derivation of 
. . . 
·the modes ~and· impedances existing in two and three. coupled lossless 
transmission lines, usi~g a distributed coupled line approach. The 
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considered two transmission .lines have a completely unsymmetrical 
cross-section. 
,·!1 
The three coupled lines have a mirror syunuetry. and the. 
- coupling between the two outer lines is neglected. 
In the first case four different modes ar.e found. They are 
an even and odd mode of voltage and an even and odd mode of current. 
In the case of th~ee co.upled syuanetrical transmission 
lines only three independent modes, the even mode, the odd mode, 
and an~antisymmetric mode of excitation exist. Also the impedances 
of the lines for various excitations are obtained. 
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1. INTRODUCTION 
• 
-~ 
. . 
-~.Coupled transmission lines -are_ not ·only used in direct·ional 
, 
couplers and strip line __ fil lter structures but lately they have been Zr-~/ 
employed in the so-called interdigital .gap capacitors. This is a 
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~- ~-
. ,, ... 
" . . ' 
··\ft; 
. )l\ 
. 
• 
small capacitor produced in thin film technique, consisting of 
many narrow parallel conductors, alternately connected, with the 
intent to.utilize all the capacitance across the many gaps. Obvi-
ously in.the high frequency limit the conductors (fingers, digits) 
have to be viewed as coupled transmission lines. 
An analysis of such a N-digit array is not yet existing 
and has not been accompl·ished in this paper . 
The study of two and three lines, however, as presented here 
_may serve as a stimulus for further generalization of the approach to 
N-coupled lines • 
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2. THEORETICAL APPROACH 
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A. Possible Theor.eti·cal Approaches 
" "' 
Two different approaches to the problem of parallel tran~mission 
,I 
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lines coupled· by· distributed inductances and capacitances are po·ssible: _ 
-~ 
.,,. 
(1) direct field solution of Laplace's equation in terms of the dimension 
of the device, or (2) solution of the differential equations of the 
coupled transmission lines-in terms iof distributed parameters. This 
latter approach was introduced by W. Martini in ''Coupleurs Directifs a 
, 1 
Lignes Coup lees'', for the case of two coupled lines. ·rn his paper even 
and odd modes of excitation are proved to exist, regardless of geometry 
(symmetrical or unsymmetrical lines). Martini derived the even·and odd 
impedances for syunnetrical lines only. Also he does not clearly · 
distinguish between current and voltage modes. This text will generalize 
his derivation and extend it to the case of three coupled transmission 
· lines.. ( 
B. 
... 
Derivation of the Impedance Matrices 
-. 
" 
1 ~ Transmission Li·ne · (distributed - circuit analysis)· 
The equivalent circuit of a section of transmission line 
of differential length dx is shown in Fig. 1. The resistance 
of the line and the conductance ta g:round are neglected. 
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lf the.~oltage and 
at the Output v + ~ dx 
.... laws one obtai~s: 
current at the inpti_t are v and· J. and 
oJ 
and J + ox dx, then from Kirchhoff's 
,. 
(v + av dx) - L ,dx oJ· V - - dt ox 
~ •' ;;•·• • ~ ..... I C I •Jri. 
• 
and , 
-oJ ov J (J dx) C dx ~ + -- --
-. ox ot ,, .. .. -: 
0V ,_ L ~J /" 
- -ox at 
... 
and 
oJ C av -- -ox ot 
• 
Since one deals with time periodic functions the time 
differentials can be replaced by jw. 
' 
where 
ov _ . L 
- - J w 0~ 
oJ - . C 
- - J w ox . ~ . ·7,; .. 
L = the-inductance p~r "unit length,of the 
transmission line. 
'c/f • n 
C = tl;ie capacitance per unit· length of the 
transmission line. -
. 
w = the angular frequency in radians .. ·-
-
-; 
2. - Two Coupled Transmission Lines (distr-ibuted - circui.t-
.- analysis) 
.. 
The equiva.lent circuit of ·a section of two parallel 
. . 
_- - tr411smission lines is illlls~rated· in Fig. 2. - The 
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· resistance of the lines and the conductance to_· ground. are 
., 
neglected. 
· 1·£ the voltages and- currents at the input are v 1, v2 ·and , ..... 
· J 1 , J 2 for lines 1 and 2 respectively. and at theoutput are '· 
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and 
. . . 
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. · J 1 + ox dx' J 2 + ox dx ·· • 
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then from Kirchhoff's laws and taking into ~ccount the mutual 
,-.-
inductance and capacitance between the transmission lines one 
obtains: 
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Since one is dealing with time periodic functions-again, the , 
time derivatives are substituted by jw. · 
,. 
= - jw L · J - jw L ~;. J 12 1 2 2 
This 0 system of simultaneous differential equations can be 
brought to a more convenient form by defining: 
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Now r 
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where 
.. 
",j 
-
,.. 
= -
·w = the angular frequency in radians 
Line 1. 
L12 = the mutual inductance per unit length 
between Lines 1 and 2 
L22 = the self-inductance per unit length of 
Line 2 •. 
c11 - the equivalent self-capacitance per unit 
length of Line 1 
c12 - the mu~ual capacitance per unit length 
between Lines 1 and 2 
c22 - the equivalent self-capacitance per unit -
length of Line 2 
I 
., 
(le) 
(ld) 
In order to solve Eqs. (1), the variables have to be rearranged 
to obtain se·ts of equations in terms of current only and voltage only. 
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Substituting (-le) and ld) -into this equation: . 
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2 are obtained. 
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The resulttng relatio~s can be listed in the following form: 
,':t 
. ' ' . 
-8 
,. 
-:~-· .}. 
.. 
• ..-,,.-.,.·••., w•,,-·,,,.._..., .. _.__ ~----- ,...~::"--~----- ..... ,'-<•:""-~·-·: _.:,. ~ - .. · ~-._--..--:. . .-... =""'c"'=-• 1 •"'-"~..._...,. ....--·· ..,._, ___ -,....,,,,...-,-a,r.;.,µ.-~..,_._.,.,._.,., ·- .,., .. ,. •. "-' -... ;. ·,---·,-- ,-.,,-,,,;.--.:. ·'·' ·-,;.,.~ ..• · .. ·.; .:---'-',· .7 • ....,-..,c..c;;..,..,., •.. ·--~~..,.-,-- ·•,..,..,t• --,-.-.-•.--..... ,•---..-~-.--T•••.._..,_, -,,.-_.,.., --- ·'IT'...---.. ··-.c""· ···,- ·····,..,,-~.a--:..,-- . .-----,.- -~7'-~-,~~- - -,-,-. - • .• .,,..-,, • ' .. -....---=-..~·:-:-,.,.-;-· ,..-- <" -·~ .v.-.~-,--,;, .,,.... .• -... • --~- ··---~"- .---.-~ .. --... ---,,--, ........ - --,.- .... ,;:<-,·.~--1,.. ..... --.. .......... ._. _____ .,......,..,.. ......... - .--,- -··- .. - •.• -~. -· 
. . ... . .. - - . . ... ... . " 
\. . 
... ;. 
where · 
.. 
. " ·~ 
• 
·~. 
. l 
.'t>. 1·-_ . 
. 2 
o. vl 2 
= (jw) (A v1 + B v2) 
o x2 
2 
o v2 2 
= (jw) (C v 1 + D v2) o x2 
-... -· 
. .. 
' . . '· 
---.. 
. .;. 
(2a) 
. ,. 
(2b) 
(2c) 
(2d) 
... ..:.,. __ 
.· 
' 
( 
, 
, .......... . 
. . 
! 
,'.; 
·,£ 
•• I\ :-t·-'-
··'i" -...... ..:.;,,: 
\ 
" 
·"- -· ·:..r•--~ 
~. . ) ~ 
I I ~ '4,.,..,_..,._"_,.,,._ . .,,........_-..,._.. .. ,.., ,.,:.', .. , • ' : -, . 
~· 
1 ,! t" •, \- , •.•• 'l • I •,• • , 
. . ~ .. . 
. " 
. . 
... - -..- - --- ···--- ---- ~.--···- --·-··-·-·---:-.. --·-- ·-·-- -·~----'_-· ___ ·_ ..... _·-,.,..·_-i·,,-.·'-.•·-.-·-· .. ---··-', ....... ---:-__ . -----.. - ' .. --•. -.-~ ....:...___, ___ ·~--- ' 
. . . 
,., 
. 
.. . •' • ff 
' " . 
. : ·. 
. • : . ·~·"! :'-,;..,· 
--~ 
•r . -9 
., 
'· ...µ,,• 
-with 
· c12 
k = ----
. e Jc11c22 
. ~ . 
kc · and k 1 are the coupling coefficients between the transmission lines. 
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Using (2a) and {2b)· and ·upon el~mina.ei·o·n· of v 2 the following 
\ 
diffe~e~tial equation is obtained 
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0 x4 O x2 + 
-j 
(AD - DC)(jw) 4 v1 = 0 
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(3) 
. - --The · general 
'· 
solution of this 4th order differential equation 
is of 3 the form: 
V = 1 
'Y x · -Y x Y2x _ -Y x 1 1 2 (~ e . + N1 e ) + (P1 e + Q1 e )- (4) 
where the propagation constants± Y1 and_± Y2 have to satisfy the 
following biquadratic characteristic equation 
(A+ D)(jw) 2 Y2 + (AD - 4 • BC) (jw) · = 0 
The solution • is: 
(A+· D) (" )2 1 (jw)2 (A+D) 2 -4 JW (AD-BC) Y1 2 - +-- 2 -2 
' 
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wher.e A, B, C and D are -defined--in equation (2-) • 
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and substituting them into equation (5a), the· foilowing results are 
• 
obtained ~ ... - -~ .... ,.. . ~ 
(Sp) 
which are the propagation constants of the two possible waves. 
Inserting the expression for·v1 [equation (4)] into equation~ 
(2a) and (2b) and solving for v2 , one obtains: . 
Yi -uwY A 
(jw)2 ] 
. 
Here the two ratios of the amplitude come out .to be equal 
tp one and v2 assumes a .form very similar t_o v 1 • 
y x . -y x YzX .. -y2x ( 1 . 1 
~2 = M1 e · + N1 e )-{P1 e + Q1 e ) 
. . 
Comparing v1 and v2 [equations (4) and (Sc)] it can b~ seen 
' ,, 
that 
(Sc) 
thes·e expressions _are the· sum and dif.ference of 
V X 
. 1 
the terms (M1 · .e· + 
-yl~ YzX -y2x 
N1 e ) and (P 1 e . + Q1 e . ) • · This indicates that the general 
'• . 
solution is Q a superpositi.on of two independent modes: one mode is 
. . 
a result of exciting the ·two ·transmission lin.es by -~-P voltages of the -
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· same.polarity.with respect.to.gr·ound-(even voltage mode,.having the 
, -· propagation constant y1) and the other mode- is a result of exciting 
~ ' 
the two 1-ine~ with voltages of different polarity with respec~ to 
ground (odd voltage modes; havit1g the propagation constant y2). 
,.. .. 
~-
. y 1 X y 2 X ' ... . . . . .. ... ,/ ... _.;, .. ·.· .. ·-C .. 
In both, v 1 and v 2 the te~ms M1 e and P 1 e. .are even and odd 
traveling waves in the -x direc·tion along the combined transmission 
.,. -y x-. .,-
1 ine s wi,th amplitudes M1 and P 1 • Similarly the terms N1 e 
1 
and _ ~······ ~ 
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'. , Q1 e 
2 are even and odd traveling waves in the + x direction 
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with amplitudes N 1 and Q1 • 
The corresponding currents associated with the even and 
odd voltage modes can be readily found by substituting equations· (4) 
and (Sc)·· into· equations (la) and {lb) resulting in the following 
• expressions: ' 
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·(6a) 
(6b) 
· Upon examining equation (6a) it can be seen that the expression 
terms · _ 2 
jw(L12 - 111 122> 
Y1 (L22- 112) 
for J 1 is the sum. o~ the 
_ylx -ylx 
(M1 e - N1 e ) 
YzX -y2x . 
(P.1 e - Q1 e ) while 
122) 
equation (6b) is 
the difference of similar terms • i 
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. l The induc·tances 1 11 _and · t 22 , however, are di£ ferent because 
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the two :transmission lines are dissimilar. Therefore J 1 and J 2 
are not the sum- and difference of equal te~s as are y1 and v2· 
[equations (4) and (Sc)·]. J 1 and J 2. are not the superposition)>·£ 
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an even and odd mode~ 
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· In duality to the even and odd voltage modes, there exist 
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' ' ' even arid odd current modes. This can be·seen by a simple analogy. 
. ·.: 
f. 
,... . 
-~, Equations (2c) and (2d) are of the same form as equations (2a) 
and ·(2b)- [previously considered for the voltage modes]. By making 
the .substitutions 
for 
.. 
.•. 
the following results are obtained. 
' Equations- (4) and (5c) -yield 
,- Vix - , ,..vlx , y~.. -, -y2x 
J 2 = (~ e +.N1 ,e .. ) _._; (P1 _e -y '+ Q1 e · ) 
·. '.' ... '..:..• 
9. 
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Equations (6a) and. (6b) yield the re.lated line voltages: 
y' 
v· = 1 
(7c) 
~ 
.. 
'\'.: 
·. _ , , . (7d) 
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• 
• 
; . ~ ' 
·-;. .. 
·f 
,. 
~-· " 
,. 
, In duality to the previous case, . the even and odd curre·nt 
modes. have associated voltages which are not the superposition of 
an even and an odd mode. This was to be expected since the im-
pedartces of the transmission lines are different. 
., 
An inspection of Equations (2c) and (2d) and the characteristic 
equation (3) reveals that the characteristic equation in the current 
mode, case is identical to the. voltage mode case. Hence the propagation 
constants y1 2 are identical 
' 
3. Even and Odd Mode Transmission Line Impedances 
Let us firs-t consider current modes existing on the coupled 
• 
transmission lines-. 
a) Even Mode Case: 
--
i .t 
.' IJ 
' .. : : . - . :,.::.;... ... 
.: ·~ 
"'· .. ,, 
.,:: 
,. 
·c-, ' 
•• 
. - - ----
. . 
r ({f' · ·· 
, r • • • • 
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'- . • :r 
. . 
' .. . ... 
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' 
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In order to calculate the impe.dance of a .. line one has to consider 
• 
.') 
the vol-tage and current waves in only one direction, either in the 
• 
+ x direction or in the -x direction. Let us choose the waves 
, , 
traveling in the + x direc.tion; Therefore, M1 = P1. = O. The even 
, . 
. ---
·.'I 
,r 
, • .•. , . ..•.,. •1~ . , ,,}- r •J~- ~:• .., • .... .... ,r • ·-- ~ •. ,": ........ ·.cl'-, ••• 1 ____ :- ·- ............ ·_.,_ ..... _ . .!!:.. . ..:. __ ... : .... ot: • 
mode impedance of ·line 1 will be defined as 
Ii' ... 
.. 
. . '7 . 
., •-···. _ .. - .... ' .. .. . r-- .i ... ··.,: .. ·-:· - '.:=' .. · ·:· . . .. .. .. ;.,·, .. :,. .. -~== ::....-""!~= = ·= r = 
- · ·. ._ ... . even 
& 
From equation (7a) and (7c) respectively, 
, -ylx 
Jl - N1 e -even 
,· 
vl even = 
·-
• 
. 
• Substituting these equations into equation (8), 
' I 
t. .. 
' . 
·:i· 
-
.·•. 
'·"-,. 
y 1 (C22 + Cl2) 
-
-
jw <c11 c22- c122> 
Similarly one c·an ,obtain: 
, 
v2 Y1 even -
z2 - ~ -- J2 jw even ,, 
_· b) Odd Mode Case: 
• 
. I . t .1 . 
,,.;,. 
.. , 
. . 
• /'' I 
......... -· .... 
·'· •.:.,-....;.,., . .,... . . 
,: 
.. 
·~--·.: '' . 
~·rid'. 
,,.,,: 
.. ·, 
. .. ''.,;. 
• 
,r . 
. .. 
'· 
• 
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! 
:;a., ... 
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(10) 
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/~ 
J ~· 
,; .. 
·111 
. . 
- ~ ll ' . 
' O' 
-. 
. . 
·,1 ! . 
• 
.U.sing a similar .. metho·d as in the even Il}ode case, let us define, 
.. 
zl odd -
L 
vl odd 
Jl ·odd 
i • 
•• 
= z 1 
From· ·equation (7c) and (7a) respect:·-ively ··· 
· ' Jl odd 
= Q, 
1 
-y X 2 
e 
- ' -y X 
, 2 
c12> (-Ql e ). 
Substituting these equations into equation' (11), 
II 
-'. 
,. 
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<{11) 
.. 
' . 
- (12a) 
' 
Similarly one ·can obtain: 
" z " 
2. --
• 
The admittances of the voltage modes are easily obtained 
from duality considerations. Replace 1 11 by ~ll ', 1 12 by c 12 , -L22 
b C · Y ' by Z ' Y ' by Z ' Y · '' h:iF Z '' and Y '' by Z '' · 
. y 2 2 ' 1 1 ' 2 2 ' 1 _ u-, 1 - - 2 - 2 • 
· c) Mode Impedances in Composite Media 
(12b) 
The even _and odd modes must as we 11 represent independent 
.. 
solutions of Maxwells equations. In uniform media, they will be of 
the TEM type. Since any 'l'EMwave has the propagation constant 
, 
y = jw V µ, e, in uniform media, the propagation constants y1 and 
. . 
' Y2 of the even and ~~d mode are equal. Ifl.deed,c to satisfy this con-
0 --
di ti.on, inductance and capacitance cannot b.e c_~mple.te ly in·dependent •. ·, 
. ~ ~ 
_,.;. ', .. 
'do. . -
~ .. ;.·. 
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If compo_site media are invol\ted, for instance if a dielectric 
. 
substrate is partially fil_ling the' channel, y 1 and ·y2 may be different. 
. , 
Rigorously no·pure TEMwaves exist in this· case. Still a TEM approach 
.. 
.,. . 
can often be used·as an approximation. If that is permissible an 
effective dielectric constant eeff- will determine the propagation 
., "" . 
constant. 
.. 1 
":L. = J 11.f; f; = jw ~ o eff . µ.o 
€ 
0 
let us·define 
a' 
I • •• 
' b' 
-
-
- = Tl € 
0 0 
µ e odd 
r eff • 
, 
Hence equations (9), (10), (12a) and (12b) can be expressed 
. as follows: 
.., Ill 
, a' (C22+ c12> , a' (Cll+ Cl2) 
zl - • z = 
<c11 c22-
2 ' 2 
(Cl1C22-
. 2 
c12 > c12 > 
.. 
. ....... 
(13) 
II b' (C22- c12> II b' (Cll- Cl2) 
z = • z·= 1 2 ' 2 2 (C11C22- c12 > <c11c22-. c12 > 
. .-, 
' 
•"•;.; .. ': 
4. .Standing Waves 
. 
In this s~tion the-properties of a lossless transmission 
line termiqpted in a load z 1 (Figure 3) are examined. The line.may 
.... carry an even or odd -mode . 
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If a voltage wave V+e-JSx with an.associated.current· 
+ - ·Q 
·1·e J~x is incident on the termination (x = 0), then a reflected 
. -- ••••. ~ .• - Ii,. • .I 
. . ---- •. -· -·- - ~ ,,4,-
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voltage wave V-eJSx wi~ a current -1-eJSx will be present. Suppose 
.. 
:, 
the'load impedance z1 is located at x = 0. • 1 : 
• • 
' . + -v=v +v···=v1 
~ 
. . .. ,.... . + . - - '·. . .. 
...... --·· ,_, .. ·.--~-"- ~·~-...:...,_;..,~--~·~--~~~.........,. .. _ . ....._,.,,.:.,..-._-~~- ~--=~---~-~,,...-- .......,..,.~~ - -= · -i- -- .. ";;,; -· --r-·-.,, -·=··'""'I'°--., ---- ·, · ,--·.,Y,-,,.c"'" · . -~~.-~~~~~.,:,~1~·;,-.,~,,;-~,,.~~~'~;...,;"~-_.. .. ~..;.,..·,-·' """":~--.;..,..,,.,,"-. -..... ~a-=4=--~~~-.. -·-····-~-.,c~-"'-·,:.• 
. . . . . . .-. . .... · L -
• 
..... 
~ :. 
'.: ~ .:1 
By definition of load impedance 
Therefore 
,. 
so + -V - V 
+ + - -
and Z I = V , ~ Z I = V • 
0 0 
. where z 
0 
- the characteristic impedance of the transmission 
line 
.. ..:.,·. 
s - the lossless phase propagation constant. 
The reflection coe?ff~-r· at the- load is defined 
'• - . 
' ' 
-
·+ 
V 
From equat~on (14a) and (14b) and introducing r 
o · L 
q 
.• · 
. .,.. ... 
•. 
. i . <{I; 
.. 
:: ... ;:-
. ~ ... 
·\,: . . ... 
., 
. ,-
(14a) 
(14b) 
. 41·: 
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Divi~ing one equation by the other yields 
+ r1 ~- 1 ZL 
-
1 - r z L 0 
:t,, 
'· 
.. .. . -
,' . 
•".{), 
• 
. ; 
..,. . 
Although· the reflection coefficient r L was introduced 
-18 
(14c) 
as a measure of the ratio of the ref·lected voltage wave to incident 
. , . .... voltage wave at the load (x = 0), the definition may 6e extended to 
·• I 
' -· • '• I 
( . 
.I 
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,• .. __: 
.• 
_/ 
-~· 
give the voltige ratio at any point along the transmission line. 
Thus at x = - t, 
rct> = 
- -jSl V e 
-
-V 
Solving for r1 in equation (14c) yields 
' 
-The normalized impedance Z, which is seen looking toward the load, 
at x = - tis 
or 
• 
-z. 1n 
z. 
1n 
=--= 
z 
0 
v· 
I Z 
0 
- .,~· 1 + rtt) 
Zin 1 - r(t) 
+ +jS.t - - \-JS.t Ve +Ve 
=--------
v+ +jS.t v---jSt e - e · 
(14d) 
.. 
(14e) 
,l . : + . ~l, ~·-
By replacing rL' from equation (14d), and e-J = coS a.t ± j sin 8 .t, 
• 
which is Euler's relation,·· into equation;. (14e), this result may be 
expressed as: 
... 
... 
. . 
' 
. , . ..,. 
~ I, 
. 
<i' 
! '~ ........... ' •+-• u,-:: .. , 
. ' 
' ' ' \.
:[ 
. 
• 
-.~· 
.. 
I 
I ' 
,- .. , 
. ,.,,,,_,... 
Zin ZL 
-'1 z .. - --
·1n z z 
0 0 
' "·-.-. '~-: _" . ··:, __ '" ~, ·-,~ (- ~, .. ,,.: '~ ...... · .. ,. , . ...., .. ,, ', ~··; ....... ,. .• ,...:·~, .. - . .... ·.' 'k~,.,, ......... ""'- :· ,s ·,. .- '.~'.-'. ..•. .-.,_-: 
. . 
'/ 
' 
+ • z· tan st J 0 
+ 
,. 
~N . z tan J L 
·i ,,.·, 
.. 
;, .. .....:· 
' .. 
Multiplying numerator and denominator of the above equation by 
1 
one. obtains. : z ' L 
• ?. 
1 + • J 
( 
z ; 
0 - ' tan St 
l 
I'' 
... " 
,· ' 
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ZL (14£) 
Let us consider now the .special case of a ·transmission 
.. 
line driven~· by a current source "i" at one end and open-circuited 
at the other end (shown in Figure 4). 
Since in this case one has an open circuit as a load, then 
So equation (14£) is reduced to: 
zo 
-
- ----- = -j tan~ l j z cot St 0 
The current source ''i" is of the form 
where 
• • 1 = 1 
0 
e 
·wt J . 
i = the amplitude of the current source, 
0 
w = - the angular frequency in ~adians, 
,,,.. 
t = the time in seconds. 
,.,,.,.,. 
'· 
: -->'."t· .. · 
--~ ~ 
The current I (x, t) along the transmission line must be a standing 
~ 
"' 
wave 
.• 
' 
, ..... ..... ·; 
.... 
', 
e· 
' " 
-·<... .. ., 
·, . ·~ 
' 
·, 
: 
, 
,_ 
C 
r··. 
' ' 
~· .... 
11, 
[c 
i:,,:~-· 
~~­
~;,, 
.. , 
. . .. 
··" .... ~-· . 
• 
• ' JI -. 
~ . 
.... 
•', . 
jl }._ '· -·· ' .. ., ,,.;. • 
~· : 
;. 
-. -,--· 
I (x, t) -
i 
0 
sin S.t 
-\. 
' -, 
c. , 
sin a (l-x) ejwt 
f .• ·., 
,., 
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Amplitude and phase have been chosen to satisfy the followi-ng con-
. ditions: ( 
i) At x = 0 
·, . 
I (o, t) • 1 
0 
i - --
" 
0 
At x .= 0 the transmission line is driven by a current. source 
i; so .the current must be i at the poin~ 
ii) at X = 1, 
I (.t, t) - 0 
~ ' At x = t the transmission line is open-circuited~ the 
current must be zero at x· = .t. 
From impedance and current the voltage distribution can 
also be· obtained 
•. I> • 
so 
t,.--
Z (x) -
- - j Z cot S (t-x),-
o 
V (x,t) = Z (x)-. I (~,t) _ 
V (x,t) = - j 
i. z 
0 
cos s· (.t-x) 
sin ~ .t· 
5. _ Impedance Matrix of Two Coupled Transmission Lines 
Consider first -two shielded coupled transmission lines 
shown in Fig. 5. The two transmission lines are driven by _six, 
. _ (15) 
constant current g~nerators at each end .. Each generator, by definition 
., 
has an infinite internal impedance. 'The lines are denoted ''a" and· 
t:i ••• 
' ' 
• 
-·· 
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: . 
''b'', and the voltage·s at any point can be"· foun·d by the superposition · 
.-..__. 
f ~1- •• --
.... 
of the voltages produced by all the three cu-rrent sources at Efach 
·6 '\ 
end. 
p 
• 
.... _ . The two. .identical. current source-s i 1 exc,ite the .even mode 
voltages at the left end. These current sources produce voltages 
in the conductors accord~ng to equatio~ (15). 
0 
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l . ----- ,_ 
. ~ .. .. 
,~ 
); 
;.,, 
I 
fi -. 
t' . 
' V (x) = -· j Z • il 
a1 a 
and -
- -
cos a (.t-x) 
e 
. s /J sin )(./ 
e 
cos ae(t-x) 
' 
(16) 
Similarly an even mode is excited at the right end by 13 , resulting 
in,a second· standing waye: 
... 
. ~ 
' 
cos s X 
(x) • ' e. z • V -· J 13 - • • Se .t a3 a sin 
,. 
(17) 
' 
cos ae X 
. vb (x) j·zb • - 13 - • • • Se J, Sl.n 3 
• 
.. 
The current sources i 2 ~nd i 4 between the conductors excite the odd 
mode voltages on the transmission lines of the form, 
.... 
" It 
V . (x)_ = • z • - J 12 
• 
a ........ 
.a 2 
'~ 
and 
'.v 
. . -~,..,· 
S (.t-x) cos 
0 
• sin ao t 
cos S (t-x) 
·o 
. s /J sin x., 
0 
·O 
t fir· .. 
<I:! 
.. 
(18) 
• 
,j!' ,' 
n 
,. 
.;;._ 
. .; 
:- :;" 
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·' 
"' 
:~ 
•• 
'/ 
., 
·~·:,__ •, . . • .
., 
j 
' 
' 
- . 
. 
.. ·-;. 
• 
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• .. \ T• ' ,-
.:,-
.. "·""' 
I.. 
- - -... 
~ 
\. 
I 
-~ 
' ' •· 
-· 
:,,., 
• 
'' V (x) - • z • - J 14 84 a 
(:. .. .. , . 
I . . 
\'L'L''• 
• 
.( 
. .. 
·cos i,o 
• sin so 
COS a X 
0 . 
sin S l 
0 
l 
" "" . 
t 
X . 
' 
.-
·--
... 
't ,! 
~: 
. 'I -· ·, .' . 
' .. 
. . - .... . . --
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(18) 
The terminal currents can readily be found from the mode 
... currents by applying Kirchoff's .Current law at· each end of the trans-
. . 
. 
,, 
.• 
'· 
·'·' .i 
......... --~---· ,-.....-- --------·-----·,- ___ ..;. _____ ~-----<v--r.,c-·- -.---, ... -- ·-
. , .. . ... ,.,- , _ ,.-· _ ·-· ---.,,~.,S--.~---,-.:._.- ··.---~ ., .•. ",·'.-- ,•,, -,,.:...,. .. - ,, , ,·:-,• _,. ,_ .. ,- - , .,.. .• ,,, ,.• •. - .• _ •. ··-r-..,-, ... ..,....-~·-- ,.•• -. - ... ,,.'.-,, -----.,_ -. -~ --~ - a,_ --·•·· ···--•.-, • .._., - ·"J.,._ .. ,. -- ···-·-·-·•••,. "·· ,• , r .- ~--,.,._ ,,-,:., •••• -· ••- -. .. .-,_...-__ ,,,_.~~ . _....,..,~. -....,_-~~-o-,~,,,....-1-.-
,, 
" { 
... 
•" 
-·· 
~ 
'· . ., 
mission lines 
.,& 
Il - • + • - 11 12 '"' 
• 
I2 - • • 11 - 12 ~-
-
-
I . = 4 
e°)!:.., 
These equations can be solved for the mode currents, 
. ~ resulting in the following expressions: I 
...., ... ; .. -.,. .. ,.,"' 
··.;, 
:<x:,_"· 
.. 
-
-
-
-
-
-
(I1- I2)/2 
(i4+ 13 )/2 
i 4_. = (I4- I )/2 - . 3 
,; 
· The terminal voltag~s v1, v2, v3 and v4 are the sum of 
the mode voltages at each terminal, that 
\ 
• 1s: 
(v + V · + V . + V : ) / _ 
a 1 a 2 . a3 _ a4 , x-0 
-
-
-
-:: .'f . ·- ~ 
.•. 
.. ·. \ . ' 
• 
;,. 
.. 
-~ 
':"''• 
. 
~-~···· 
J ' 
. . .""-- '':. --
' '...;' 
D 
l 
-·~- ~·--··· ., .. - ,. -. . . 
. . ,. . . ·, .... , - . 
-
' 
I 
I 
1· . • 
' 
··~ 
. 
1: ··. ri ·~ 
• 
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.. 
= 
V . = 
4 
., 
With ·equations (16),-(17), (18) and (19) evaluated at x = O, on~ 
obtains: • 
. 
Being a linear equation in terminal current,s this must be 
the first of the four port equations of the considered piece of two. 
coupled transmission lines. 
C 
By introducing the followi.ng abbreviations 
' A - • z cot s J, - J a e 
II 
·.,~· 
• B - • z s J, - J cot ~ ..... a 0 
,~ 
' 
' 
' C • z Se J, - J csc - - a ·. .. 
D = - j Z'-1 csc S i, 
a o . 
.. 
0, 
/ 
It assumes ···the· standar-d form: l ... : 
! 
A + B ·1 . -+ A - B C - D C + D V 1 = 2 1 2 · 12 + · , 2 • 13 + 2 • 14 
.With equattons (19), (20), (21)· and -(22) evaltlated at 
() 
-x=O, one obtains: 
:: ' . 
·.•: l . 
. -:.'-,-: .... 
.~ 
·g· 
·V 
,: . 
··,:,, 
• 
.. :: 
.•. 
,:.,:••, 
~ 
.. _ 
. 
. 
.•. 
~ 
. ' . • •H ,., .... ..; 
• 
I, - ,•. ,. 
_1 
. . . 
" 
•' 
. ~ 
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1 ' 
j 
'' 
" , 
v2 - -j zb cot ~ .t (11+ 12) + • zb cot Sot ~<11 - t )' - - J 
.,•.·~"'"' 2 e 2 
' . 
'' 
I3)] -j zb t3e.t·c14+ 13) + • zb so .t (l -csc J csc 4 
~ 
.I 
• 
With the. following abbreviations 
.•• .. 
·-·--·. ·-. 
(] 
'' H = - j Zb csc ~0 l 
again a standard form is obtained: 
V 2 = E ; F • Il + E ; F . I2 + G ; H • I3 + G ; H • I4 
Solving for v3 and v4 in the same manner yields the following 
linear-system: 
-, 
vl 
. 
A +B A B C D C +D - -
1 
v2 E - F E +F . G + H. G - H 
1 
-
-
- 2 . '•' ,'·\· ·,,_ ,' • (20) ·. . G E + F· E F VJ G - H + H -
-. , 
C + D C - D· A - B A + B 
These ai:e the four port equations·. of a piece of two couple_~ tra[sJ .·-.-
• 
\· ..... , 
mission lines. 
6. Applications to ·-11 Two Digit Capacitor 
A con~iguration of\flat 'Conductors as in Fig. (6a) might 
1 
be ·1nterpretecl as a two digit capaci,tor •. 'Dhe above impedanc~_ matrix 
, . 
. , 
... 
. ' I 
.. 
., 
="' ••• 
. ' 
., 
! 
l 
' . .. ) 
t 
I 
r 
I 
.;-· 
';< . 
~- . 
}t~· 
• 
__ .......... , ·-,·.' 
.... 
' . 
...... 
.. 
, ' 
~· 
l 
./· 
- ' •····-'·----, ....... -._.....,..._.,._., _____ ,,, ... ,. ~. -~ . , .. 
~- ... / ...... M, .... 0 .,.,_,.__,__ ___ , __ ,,, .\r• • 
It 
/) ' 
I 
\ 
• 
f 
' 
.. , . 
M,.,: 
'· 
, __ 
, ' 
.,. 
, .., 
N 
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.. 
~ 
----· 
' \. 
can ·be ·used to obtain the two port equatioQ.S of such a device. One 
has to apply the proper terminating conditions to the four port 
. ' 
. 
· terminals. It is possible to assume that the end capacitances C d. 
, en 
. are sma11· enough to be considered open circuits, Fig. (6b), {i.e. 
1 ' '' X = >> Z · csc ~ £, Z b csc S £). This implies that the 
C W C.oi nd a e a , O " end ~ 
length to width ratio of the digits has, to be large. Under this 
' ·-~ -
with I 1 and I 3 • With this simplification the impedance matrix 
.-.. reduces to the following matrix after redefining the output voltage 
.... 
ff ' 
\· ' ' 
v3 and the current r3 as v2 and 12 respectively. 
~~·-
·-;c... 
., 
' 
where 
• 
-
I 
v· 
. 1 
-z 12 
' 
vl 
1 
-
- -
' 2 
v2 
' 
I 1 
• 
I I 
-t 
V.l \. 
-
' 
v2 
= _A_+_B = _ l 
2 2 
=C-D=_l 
2 2 
A+ B C 
-
D 
• 
G 
-
H E +F 
' ' 
I 2 
~ 
-
rw·o PoTt 
• 
' 
zik 
Z11· z12 
• 
z21 z22 
' 
\. 
' w II 
Z · cot St+ Z cot St 
a e . a o 
I II 
z csc ~ t 
a e . - Z C·SC 
~·;i a s t 0 
' Il 
' 
. I2 
''ill' 
... 
' Il 
.~ 
•· 
' I2 
(21) 
.. 
' 
,, 
'· 
·''';. 
... ' 
·-------·-.. ·-······--·,.-- -·-···--·---·---------- ---~- ·- . .______ ___ ·--~-- ~ --·--·~---- ... 
• 
... - - ltr:'.~- . 
• 
• 
~· • ... --~-- "W\--4, ••• ,., 
....._ . 
.. 
"Ii.;· 
..... _. 
.... 
• 
. .. 
' . 
q' "I,.,.,,. ,_,,,.,...,.,,_I,,,_, _____ , .. _ .. __ ,.,._.~ ••. ·•·;-•··--·---,·-··-·-•: 
I' l, 
•: ti. 
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,. 
• 
G H l ~ ' '' -
· z21 zb set zb csc.S0 l - - csc . - -2 2 
t, I' 
:"_9 
.. 
E +F • ' '' 
z22 - -
.J. 
zb cot Se l + zb cot ·S l -2 2/ 0 
' ' '' " where Z8 , Zb, Z8 and Zb are expressed in equat-ion (13), in which the 
.. 
indices have been renamed. 
~-, 
.• Line Equations by a Different Approach 
, 
If the existence of even and odd modes is already proven, 
., 
a different approadh to the impedances can be used. It bypasses the 
solution of differential equations. This approach is worked out in 
. 
order to be able to extend it later to a larger number of coupled 
transmission lines. 
Let us consider the even current mode excitation in the 
sense of two equal currents with the $ame directions in two parallel 
transmission lines (Fig. 7). 
l' 
4 Applying Kirchoff's current law for 
... 
time periodic 
functions to .lines ·a and b, t·he distributed currents ~a and ib can-
be expressed in terms·of va and vb (the line voltages). as follows: 
where 
! 
~ 
r 
• 1· 
a 
'• ( 
-
-
oi 
. , .. a c' - jw +. (v - vb) jw C b la - - V .. 0 a a .a .a 
X •, -
0 
oib . >. 
. , , (v - V ). jw Cb + jW C 1b - - vb -0 b a ' ab ' 
X 
• 
the current in transmission line a, 
~ ,to..:;.,?..: 
-~· 
,IJI. 
~ . . , ,. ~ . 
'----~~ . --·- - . ---··--··---- .--·-------·-·. --·-, .. ·--- ~-.... 
.. 
.: "· ,.,. . 
'.'1f'~-~-,--... 
' 
·,. 
. ' -~. -~ (-. 
:- ' 
' 4 . •.;, 
f 
• 
\1i 
\ 
~: 
o· " 
I> 
" 
•' 
"--!.:-
.. 
' . 
~t ' • . . 
ill 
• ;t.'• 
9!1-' 
' 
'' _.. 
,, ' 
e'r •. 
'tr/·; · ... 
.. 
• 
• , . t •. ·~ , .. 4. ,; 
.. . 
·-· ..... 
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\' 
ib - the current i"n transmission line b. 
V - the voltage of transmission line a·to ground. -
a 
vb - the voltage of transmission line. b to ground. 
j - F . 
w - the angular frequency •. 
c'· = the distributed capacitance of line a with r~spect· to 
a 
,,___ ~-· 'T~ r- ' .......... ~ '',.· ··~ ... >:.,.' ·'·· · .... ' ....... -.·: .... -~-,,. .. ·. . .. . . . ' . . . .. __ gr.ound ~ _. . _ ... __ ... _ .. . _ . . .. _ 
.I 
. ~-
.: ... .----. 
. . 
:".::.-· 
I ., 
-~-
0 
c' b - the distributed capacitance of line b with respect to 
ground. 
' Cab = the mutual dist.ributed capacitance between lines a 
and b. 
. '\ 
so: 
, ,'!':. • 
• 1 vb a , ,, jw - C + C C - -V a ab V ab 
a a :g 
' , 
·'· -&:.,,, .• 
~~ . , V 1b 
and 
, a 
- jw 
~b + C C -vb ab vb ab 
• 
Since v a and vb are in phase, it is poss .. ible t? define the apparent 
capacitance operators of lines a and b {which depend ·on vb and v8 )· 
respectively. Let us define 
C 
, 
+ - C C . . '. 
a a (} ab' 
/J :,... . 
.. 
~' 
then 
, 
• 1. 
~ ·~ ... 
"I' 
( 
~ 
c. - C -
a a 
app 
" 
-
vb 
-
V 
a 
-V 
a 
--
;;.f 
C 
; 
ab 
·e ,.~. 
'· 
.. 
• 
a • 
= JW C 
a 
-
vb 
-v cab jw C a : . S". -.. -:. "$ 
'" 
: ....... 
V 
a 
' ' ,, ' 
a t . app 
.,. 
.... 
' ' 
'·Iii' 
·f 
' 
'1-
,. ·!. 
.• 
·.<:!' . 
. .... 
.. 
. ' 
A 
' . ; ,., 
\ \ 
. . 
:,·_ ·-
t. ' 
f 
; 
l 
f.,. 
(,_. 
·,. 
: 1, 
.. , 
-·· 
_,, 
·.' hi.: 
., 
' :. . 
. ._,,_ 
·, 
I 
. 
For.·a 
·<. 
~-•· I 
·Ii 
where 
so 
;.,• 
~: 
,:· 
-.:, 
' 
where 
. 
From 
~ 
.., ... 
_,._.,._...._ •••,j,.·1 
"' 
.•. 
.. 
A ' I ' 
.\ t. 
•· 
\ 
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1 '· . V .,,,. 
... ' 
·b a 
- jw Cb C - jw Cb - ab vb vb ( app 
,,_... 
. ~. 
·.1.,l • 
• 
2 loss-free uniform transmission line 
.. 
, 
a 
, 
z 
a 
, 
zb 
z' 
a 
. z' 
b 
-···-·· 
• 
. . . . 
equation 
'•< 
-~·. 
., :~ .... 
z = /iie C 
app 
e 
z 11 
0 
-
- C 
\ ' 
, 
-•~ ;.i a 
µ.r e --r C 
app app 
-
-
-
" e . = 376. 7 ohms, the intrinsic impedance of free 0 
space. 
11 e 0 
, 
• .. 
II. 
€ preViOUSly defined in equation (12c) t-re re 
, 
a a (22a) - -
-C vb a C C -~ app -
a V ab 
a 
.• > 
.It,. 
'h 
, , . . 
a a (22b) - ·--
Cb V 
C - a. C app b vb. ab 
. 
- the even mode imped·ance of line a. -
.• 
• 
- the even ·mode •. impe_~ance of line b • r.., 
.. 
\ . 
' 
J·· 
(15) 
.. .·B' 
.. 
. . z,. 11 
' a S (t-x) V - - _-j cos • Se l a , sin e , .... 
.,··:::··. 'J 
; _(l 
' 
-~- - :'l 
.:{ 
' ' 
\. ..... 
.. -~ 
' 
,. 
~ 
- . . 
' . 
.. 
,. 
,. 
,, 
" 
.... -~ .. .:--·•,. 
't(J 
I' 
,, 
·.,r· 
""-,, 
\ ..:i 
- ' 
. ~ ,: 
-
/ 
,,,/ 
·, 
.. 
" 
... 
Q. 
,,Jr· 
., i· 
.... ; 
~ 
. 
. , 
. . 
. 
. . 
" ~ 
where 
' 
·• 
-, 
so 
, 
.. 
:': 
. '
~- ·,. 
q. 
. ~ 
' 
il 
z, 
b 
I I 
I . 
. ., . 
·; 
. 
•: 
vb = - j cos ae (t-x) • Se t Sln 
-
-
f3 . 
e 
-
Let 0 
I ' e 
V 
a 
V 
' . 
a 
vb 
(', 
.·· z' 
_./ a 
. Z' 
' b 
. 
. 
• 
,. 
the.even mode constant current excitation. 
the even moae phase propagation constant. 
• 
-
, 
• a 11 
-
• fl) 
- J 
vb e 
Cb C - ab '· V 
a 
, . 
a ,· 1 
1 
V 
C - a C 
b vb ab 
., (C + cab) ... a 
• a • 0 • z' •' f) - J 11 - J 11 - - - -2 ~ e a e. 
each C - ab 
' 
, 
(Cb+ cab) a-- , 
• • 0 - • zb • f) - J i1 J 11 - -2 C C - C e e ab a b 
, (C + cab) a a 
-
·2 
. each - C ab " ... 
'· 
-
, 
a (Cb + cab) 
-
C C - C 2 ~ a b. ab 
.· -~~· 
This is identical to the even mode impedances ~£ Eq. (13). 
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( 
Next, let us consider the odd current inode excitation in' 
the sense of two equal~currents but in opposite directions in two 
parallel transmission lines (Fig. 8). Kirchoff's curren·t law for 
time periodic functions can be applied to lines a and b in a similar 
way as previously done in the even current mode. By defining the 
, apparent capacitances Ca and Cb as before, one obtains: 
app / app 
. 
. 
~·~ 
. 
(h, ',, 
' 
I 
,. 
. 
"'· 
. ,----·---·· .,.-, .. _..,. __ .... ---··-----.. ~--:-,,..-,--- ~ .. ._....._-----=---__ .....,._ ..... ______ ..,.---.,._--:-~ ... ~------~--::-.. ~'"'"...--"'"7~· ______ _....,,.,........ ...... ~--... --. -,, _,, 
where 
. Let b = il 
one assume 
.e,. 
t~·· ....... 
, .. -•';• 
.. 
" 
where 
C 
a 
-
. , . 
1 
a 
V 
a 
. , 
1b 
vb 
- jw C 
-
a 
jw Cb - -
vb 
C jw -
V ab 
a 
di 
vb 
C - jw - --
V ab 
a 
-
e V ~ro µ.ro • Since one deals with 0 
v positive and vb negative, a 
-
-
b' • 12 
• V - J -a vb 
C -· a V 
a 
• b' 12 
• 
+ • --V b J 
C -b 
· cos S (£-x) 
0 
sin St 
0 
v. 
a 
vb 
0 ,, O\i. 
C 
ab 
tJ 
0 
C 
ab 
so: 
C aapp 
cbapP 
odd excitation 
• 
\. 
., 
J. ' . 
. . 
g = the odd m·ode" .A..ase prop·agation constant 
..... 0 i,,11 
-
- the odd mode constant current ~xcitation 
..-~-·-
'J 
.. 
-· 
let 
"'-
j 
.r 
r· 
·"' •'1 
;-------.. 
,. 
,/---....... , .. 
-~ 
·.t. 
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' '. 
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"' 
Solving for ~-.. :·and I • V vb 'l" ~'-
.a. ,; •• 
' 
.. 
b' (C - cab) " 
• 
b • 0 - • Z" • 00 V = - J 1.2 - J l.2 • a ..? 2 Q. a 
., 
each C - ab 
'.•.· 
• 
:."'· b' (C - cab) It a 
+ • • 00 + • zb • f)o vb - J. 11 - J 1.2 -2 
C C - C 
ab a b ?I 
'. -· 
- •· 
, 
Z"· 
b (Cb - ~Cab) (23c) - 2 a 
each cab 
11 
-
. 
~ 
-·· 
b' (C - C b) 
Z'' a a (23d) -b 2 
. each cab -
, 
\ 
where Z'' - the odd mode impedance of line- a. 
t,t) a 
~ 
Z'' - the odd mode impedance of line b •. -b 
It is to be noted that equations (13) are identical to 
, 
equations (23). · Equations (13) were obtained by solving the differential 
. . 
equation (2.) of the two coupled transmission line, while equations 
• 
(2.3) were obtained by assuming the existence of even and odd modes 
. 
. and introducing the apparent capacitance. of the lines. 
- ., 
8. Three Coupled Transmission Lines (dist·r·ibuted circuit 
• 
ana 1 y sis) ·· " 
n 
An e.quivalent circuit of a section of three parallel trans-
• 9 , 
• 
m~ssion lines is il-lustrated·in Fig. 9. · The resista~nce of· the lines 
1' 
_and the. conductance ·to ground are neglected. 
. ...... ·~ 
Also there is no direct 
(\ 
coupling between lines 1 and 3. _If the voltages and currents at 
·~ h .... •• ·,•. •. . 
., 
.. 
·,·' 
. ,. 
' 
' . 
. .,, 
-.-•,- - . ·-·;,.;.-
./ 
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" ... . .... 
-
• ,Jr-
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. .,., . /~· 
·,. 
', 
r ~ 
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', ''" .,,1•-~•-•'·n.-,-·._~•· .. -·, .. - •. _, __ ...__,., ~,-.,••·,-•,u•••, ,,-
• •• -· •, •• - ... h " •.••.•. , ,. ....... - ., , ..... ,, '. - ' , 
' ' 
' )' . . . , 
,· . ' . 
• 
,., . . - - . __ . 
' I 
..... -!a' ... "". 
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. 
the input are ,v1 , v2 , v3 and J 1, J2 , J3 for the lines 1, 2 and 3 
respectively and at the output they are 
, 
o v1 
.vl + o x dx, 
o v2 
v2 + o x dx, 
. 0 v3 
v3+ 0 X dx, and.· 
.. 
a·J 0 J2 0 J3 1 
J2 dx; ·Jl + 0 X dx, +ox dx, J 3+ 0 X 
• 
• "" 
then from Kirchoff's laws and taking into ac·count the mutual induc-
'• 
0 vl aJ '=- oJ 
(vl+ o dx) 1 2 ? vl - - 11 _dx o t + Ll2 dx o t -X 
. ... ,' 
~ 
~ 0 0 J2 ° Jl . 0 J3 v2 
(v2+ o dx)· = L dx 0 v2 - + Ll2 dx o t + L23dx o t X . 2 t 
-. o v3 
. V 3 - ( V 3 + 0 X dx) 
0 J3 . 0 J2 
= 13 dx o t ~ ~23.dx o t 
. ' 
:-•• 
or 
o v1 . · o J 1 o J2 
ox = - 11 at - Ll2 o t 
" 
4 
0 V- 0 J2 0 Jl 0 J3 2 ,_ 
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0 vl o(vl-v2) 
clot - c12 at 
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0 J2 0 v2 o(v2-vl) o(v2-v3) 
c2· o c12 c23 (: - , - - -(- 0 0 t 0 .. X t t 
. .. 
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'.i 
.;~ 0 J3 0 V3 o(v3-v2) ., 
CJ c23 •: ·: - - - ., . ' 0 a· t 0 t X 
s:Lnce one deals with time periodic· functionS (: t ..... j~) · · 
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g 
·o J 3 ir~ j~ c23 v2 jw (C3 + C23) I = - - VJ. d X 
1/J ~ ('J 
: ·). 
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The lines are assumed · to posse~s a mirror symrnetry, 
. ' ' 
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,.~ \ 
Let us define ·-J .. 
-~ 1 jw L a -- 1 
.. .. " d = jw-{c1 + c12) 
!:) 
,jl· ;, 1·. 
b . . 112 .. - JW \· ' . 
,, e = _jw c12 . 
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C = 0 .£ = jw (C2 + c12·) 
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Because of the symmetry the previous equation can be rewritten 
in the .following manner: 
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(24) 
• b Y3 a - Y5 - a y6 
( 
.•· 
.. ~ .. 
I 
:· ' -· 
• 
-· d Y1 + e Y4 = Y2 .· • 
.) 
~ .... 
• f +e -·-• Y5 = e Y1 - Y2 Y3 
.. 
~--
0 
,I" •• ... • 
• d y6 I: e Y3 - ·Y ~ 
··--·.- 4 
The notation. s O Y. that is, the first derivative of y with y mean O x' k 
' . 
·.;. .. 
... 
·-· .· 
· respect to x. Matrix operations are used to solve this problem .· 
... 
. • . 
' ' -
since simple separation of variable (as it was done for the two coupied 
I • 
lines) in the above equations would make the job too cumbersome. 
. ) . 
The solutions of the Eq. (24) are going to be of the form 
• 
Therefore y •: ~ = y A eY x • y y. Using this equatio~ 
(24) can be rewritten in the following matrix form: 
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·o o 
~y 
.. 
. ' 
I 
-a -b 
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0 e -d 0 '0 -y 
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-.Y6 
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Now, since a· homogeneous sys,tem of n linear. equations in n unknowns 
' . I 
will havl!8 nontrivial solution~ Le, a solution other than y1 = y2 
= •. • • = y n = 0 , if 
. 1 .7 is equ~ to zero. 
• 
and only if the determinant of the coefficients 
I' ' 
-y 0 
. . 0 
-y 
0 -a 
.. a -b · -c 
l , ,S • ' 
- . •~ 
a 
-b 
• 
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(25b) 
Expanding this determinant the following is obtained (see Appendix B):· 
. .. 
· 2 [ 4 2 ·. . 2 2 2 2] 0 = {ad-y )· y -y (ad+cf-4be)+(acdf+4b e -2b df-2ace) 
\ 
' (25c) 
• 
2 . This is a cubic equation in y so it has three independent solutions. 
One of the solutions • 1s: 
0 (ad . 2 -
- ·Y1 ) 
:l\lj. 
y 
~ 
or 
·2 
ad 2 LlCl Y1 - - w -4 ' ' 
' 'I 
. .e, 
i 
.  ' 
. . ...... "·• 
,. 
To find the other two.solutions we .have to sd'lve the .following 
· . ·quadratic equation in y2 • 
. ., ..... ' 
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. . 
4 2 . - . 2 2 -~ 2 '• ·2 . · 
y -y, (ad+cf-4be)+(acd-f+4b c -2b df-2ace· ) = 0 
., -.._, ----;--
I •.,.; 
. ,· . 
,; 
•j,-.: 
·, 
.. 
·, 
' . 
• 
... ·:· 
.··· l 
_______ .:,, .. ,~-,.·--,• .. 
..• . . .. " '"· 
' 
•• 
. .. 
., 
• .. 
.• 
I ·.t 
.. 
. ' 
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the form of this e.quation is x + Bx + C =- 0- whish is a biquadratic 
equat-ion with solutions: 
" 2 B 1 B2 . 
xl,2 - - ± ·- 4C 
; 
- -2 2 
~ 
./ 
so 
. . 
2 1 . 1 · 2 . · 
Y2 3= - 2(cf+ad-4be)± 2 cf+ad-4be) -4(cf-2be)(ad-2be)-8(bd-ce).(bf-ae) 
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(25d) 
Therefore, three modes exist on thef:onsidered system of the 
three lines ~xamined. The mode voltages and currents can be obtained 
by solving the linear system, Eq. (25). This, however, leads into 
very extensive algebra. But the nature of the modes can be guessed 
and verified by Eq. (25) • 
:( 
•· 
• 
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-The three modes can be described as follows: 
Mode 1 (anti-synunetric mode)_ 
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this mode propagates with <ry1 as propagation constant. ,.. . .. 
~ Mode 2 (even mode) 
-37 
.'J. 
.... 
" 
! 
.. f. ".. ..a, 
~ 
l 
:<!,, . 
'· 
• 
--••- ••, • ·, • .. •~• ,.---C--~ ............. ---~~--~;··~. • ~.-..... -.•.-... -.----... -.Jr----,-,··•;-'~~-•"".'-".-. • ___..........._,,...,.. __ w •.,-• ·•• 
v, 
-
V I 
"' 
•. 
Mode 3 (odd mode) 
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I, 
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It is not known at this point wh.ether Mod~ 2 propagates 
.•. ..:. 
-
. 
With 'y2 or y3 and Mode 3 with y3 or y2 • 
.. . 
At the end of this section it will be proven that y ,.. · · ._ 
e 2 >' 
· be ·1ongs . to Mo-de·· 2 and y 3 to Mode 3. ·-
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The impedance of .~oq~ 1 is eas~ly found from Eq. (25): 
'. 
. :\ 
• 
.. 
z1 (mode 1) = 
a 
-
- -d 
• 
·' 
' V 1 " The impedances assoctated with Mode 2, that· is z1 = = z3' ~ ~ Il 
It is first.assumed that Mode 2 , . V2 z2 = 12 are obtained as follows. 
' ' 
propagates with y2 • From Eq. (25), ~hei.-e yi = v1 for i = 1, 2, 3 
. . - ··. 
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.,and y. = I. for. j = 4, 5, 6 
J J 
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- -d v1 + e v2 - y2r1 + 0 r2 = 0 
2eV l - f V 2 + 0 I 1 - y 2 I 2 = 0 
From 
. '; 
-~ ' .. 
·Adding both equa~_ions and solving for b v2 , one" obtains: 
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y 2c V 1 + (ac -
-
Y2. 
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From .(b) and· (d) , '"-''··· .. 
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-Adding both equations and solving ·for b v2 and fr~m· {e), one obtains: 
2 2 be) 2 (y2 + v1+ a y2Il 
·1Y2c vl+ (ac-2b ) '- b v· - -
-· ! 2 f y·2 
<I 
V v1 1 , Solving for - and since. z1 - then Il Il ' ... 
\ 
M~tiplylng numerator and denominator by -y £, one obtains: 
···.... 2 - . 2. 
, - a y2 - £_ (ac - 2b) 
zl = · 2 
y2 (cf - 2be - y2 _) •· 
, Y2. 
As previously defined a= J. w = ~ .. e
0 
µ £ 
'I .reven reven . 
, 1 z = -, 
1 )a 
' 
' 
-.· 
I 1" 
,;<I>. 
(26a) 
--·In a similar fashion it can be shown that: w 
_v2 ~ 
z' - -2 I2 
. ! ~-
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-, 
a • 2 
Y2 (2 L.C - t 2c2) -m m 2 
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. (26b) 
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(26c) 
Since r 1/r2 is determin.ed, only on·e even mode exists, not one current 
and one voltage mode as in the case of two lines. 
.. 
• 
Assuming also that Mode 3 propagates ~i ~h. Y 3• Substitution 
of -v2 for v2, -r2 for r2 and 'Y3 for y2 will yield ,the equations for 
t:I .. , ... 
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. ~---- --- --~ - - this mode. Also as previously defined "b' = jw = Tl e -µ,~=--e-
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z2 = b1 • (27b) 
. (2 L C -
mm 
_.:.·. :--t· '. 
··= 
' ; : -. . . 
11 
- c12 (12 - L ) m 
-
. 12 2 " Y3. 
.11c1 - 2L12Cl2 + 2 
, 
' . ' . w 
' (27c) 
"'!· . 
-Again, only one ·odd mode exists contrary to the case of two lines. 
· .. · .. • 
:, 
·-· 
' ... ~ ,. 
Now the assumed propagation constants can be verified •. · 
' 
_y2 and y 3 are _expressed in Eq. · (25d) which ~ontains a± sign,. the . 
. .... + ':lign·belonging t9 y2•. It can be shown that -~nserting y2 in~o. 
· Eq. (26c) leads to a posi°tive--ratio ~l as required in this mode. · 
• 
'" .. 2 
;- ,,,~~1· -. · ' The denominator of Eq. (26c) is 
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From Eq. -(25d) 
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(L1c1+ t 2c2-4 LmCm) 
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~4(L2c2-2 LmCm)(L1C1- 2 LmCm)-8(LmCl-LZCm)(LmC2+ t 1cm) 
where 
or 
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case can 
/ 
/ 
DEN 
2· 
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-
-
DEN is positive or complex depend~ng on A. The complex 
I 
be ruled· out since ~l must be real in this mode. Theref~re 
I 
. 1 . . t. 
_·y- l.S poS1 1Ve. 
. 2 
Consequently y2 belongs to Mode 2. Therefore y3 _. 
2 
· must belong to Mod.e 3. 
9. Conclusions and Suggestion·s for Further Studx; 
. •. 
In the case of the two coupled transmission lin·es -·it was 
_ ........ , found that four modes of excitation are possible: an even mode and 
·-
, an. odd mode for both voltage and current excitations. For· the .voltage1-·· 
. . 
excitation ·it was found that two voltage modes are- possible: an ·even,, 
. - \ ' 
·voltage mode (that is~ two identic.al in phase voltage on each··trans--. 
·I 
.~ 
... 
. 
mission line) and. an od·d voltage mode (that is,. two identical voltages 
~-
. in antiphase). · However, their associated currents were proven not 
to bti even and odd. 
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·-·--- .. I 
. . -~ .. 
This was Lo be expected since the propagation-
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constants of 'the two voltage waves and the impedances of the li_nes ·"'·. · --
(' . 
.. 
.-are assumed to be generally different. Similarly, in the· case of~ ·~· 
. . 
. 
current excitation, the even and odd current modes were .found to exist 
" on ·the two coupled transmission lines and their cofres.ponding voltages 
.. 
were proven not to be even and odd. The even and odd impedances o·f .J;_ 
. ' the two coupled transmission lines we~ also obtained and found 
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to be generally ydi.f ferent. . · ·1 
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In the case of the three coupled transmission lines with 
'\ 
, mirror synmetry', three modes of excitation were found to be possible: 
. . 
,' 
even, odd, and anti-symrnetric. The even and odd excitations in the .. ·. ~ 
same sense as in the case of two coupled lines. The antisynm1etric 
mode is a mode in which the two outer transmission lines are 
excited with two identical vol.tages and currents in antiphase and 
.the middle transmission line is grounded., ~ 
' 
The smaller number of modes on the three lines is due to the 
\ 
. ' increased synnnetry. On a mirror·syunnetric two digit structures 
(L1 = _L2 , c1 = c2) the voltage and current modes would~ be identical •. 
. . 
For the case of N-coupled transmission· lin·es with mirror 
synnnetry, we will expect N=·coupled differential equations and 
pro.ba~ly N-modes of excitation. 
· As ·far as applicat~ons of this theo~y to ~tetdigital gap 
I 
. I 
capacitors are considered the .f~llowing!
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The two digit ' capacitor has .been successfully gap (a) 
analyzed. · 
• 
" • (b) In the three digit gap capacitor mode 1 (anti-
symmetric mode) is physically impossible since the two outer digits 
. ·,, 
........ ../. . . . 
· • are connec~~d together to one port so they can not be excited in 
·~ antiphase simultaneously. Modes 2 and 3· (even and ·odd respectively) 
··--·--·-----........... -"'.___ ---~-----·----·-- - ----------- '--~--- .. - --·--··-·-"'··-···-
,· : .. _ ,• - -· 
-- ---
' . 
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I 
··-··-·-·-· ·r,C,-..~.,.,-~-=......----,., ____ :_ ___ were . . found ... to ..... b.e .. _poasible ~ .. -... -.B.ecau.se .. o .. f .. symmetry -tlie ... two .. outer,, .. digit~~------c---~:...._- .......... '. 
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. ti!'. 
. 
. 
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I • 
are going to _be identical (same field configuration); so their 
impedances are also identical. Expressions for the impedance of the 
three digits for both modes (even and odd) were derived from Eqs • 
.. 
(26a), .· (26b), (27a), and (27b) .- '!hese impedances. were derived as 
.. 
. a ~nction of y, the mode propagat~on constant, because of con-
, 
. _·venience. If the total expression for the impedances is needed, 
simply substitute -y2 into Eqs. (26a) and (26b) which wil,1 yield 
the impedances of the digits for the even and odd modes resp·ect·ively .• 
The two port matrix of a' three digit structure can b.e obtained in a 
---similar manner as it has\ been done for the two digit structure. ~_,,_ 
ibe algebra is extensive. " 
(c) The N-digit structure can only be analyzed using 
. ,f,. th 
ingeneous approximations and/or advanced methods of linear algebra. 
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APPENDIX A 
Calculations 
Expansion of Eq. 
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From Eq. (25b). 
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Multiplying Column 4 -d and add by y 
e 5 by - and add it to column y 
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Multiply cqlumn 5 by ~ and add, it to column 3 and multiJ)ly column 
d . 
.
6, by - -:;,.~._.and add it· to column 3 · y· 
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Multiply row 4 by - - and add it to row 1, multiply row 4 by .:;. y y ~ 
and add it to row 2; multiply row 5 by-,.~ and add it to rows 1 and 
3, multiply row 5 by - £ and add it to row, multiply row 6 by - ~ y y 
a 
and add it to row 2, multiply row 6 by - - and add it to row 3. y 
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By a matrix theorem the det'erminant of the previou~ 
determinant is the product of the two subdeterminants between the 
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APPENDIX B 
Calculation £9r Proving the Conditions 
apply for Modes 1 ,-2, and 3 • in the case 
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